Confinement induced resonance (CIR) is a useful tool for the control of the interaction between ultracold atoms. In most cases the CIR occurs when the characteristic length atrap of the confinement is similar as the scattering length as of the two atoms in the free three-dimensional (3D) space. If there is a CIR which can occur with weak bare interaction, i.e., under the condition atrap ≫ as, then it can be realized for much more systems, even without the help of a magnetic Feshbach resonance, and would be very useful. In a previous research by P. Massignan and Y. Castin (Phys. Rev. A 74, 013616 (2006)), it was shown that it is possible to realize such a CIR in a quasi-(3+0)D system, where one ultracold atom is moving in the 3D space and another one is localized by a 3D harmonic trap. In this work we carefully investigate the properties of the CIRs in this system. We show that the CIR with atrap ≫ as can really occur, and the number of the CIRs of this type increases with the mass ratio between the moving and localized atoms. However, when atrap ≫ as the CIR becomes extremely narrow, and thus are difficult to be controlled in realistic experiments.
I. INTRODUCTION
In recent years, the ultracold atom gases becomes a very important platform for the experimental study of quantum many-body or few-body physics [1] . One of the most important advantage of this system is that the interaction between two ultracold atoms, which is determined by the low-energy scattering amplitude, can be controlled via magnetic field or laser beam [2] . In current experiments, the most widely-used approach for the control of inter-atomic interaction in the ultracold gases is the magnetic Feshbach resonance (MFR), with which one can tune the interaction via a bias magnetic field [2, 3] . So far many MFRs have been discovered and applied in the ultracold gases of various bosonic and fermionic atoms [2] .
Nevertheless, the MFR technique still has some disadvantages. First, in this approach the magnetic field should be fixed at a certain value, which is corresponding to the required inter-atomic interaction intensity. Thus, it is difficult to use the magnetic field to control other physical parameters or processes, e.g., the coherence evolution of atomic spin states. Second, it is difficult to use the MFR for the control of spin-exchange interaction. This can be explained as follows. As mentioned before, to realized the MFR one needs to apply a bias magnetic field. As a result of this bias filed, there will be a Zeemanenergy gap between the two-atom hyperfine states before and after the spin-exchanging process, which is usually much larger than the kinetic energy of the relative motion of these two atoms. In this case, due to the energy conservation, the spin-exchanging process would be forbidden by this Zeeman-energy gap. * Electronic address: pengzhang@ruc.edu.cn Therefore, to overcome these problems, one still needs to develop other approaches for the control of interaction between ultracold atoms. One option is the optical Feshbach resonance [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In this approach, one can control the inter-atomic interaction via a laser beam which can induce two-body transitions when the two atoms are close to each other. However, a large heating effect can be induced by this laser beam, which significantly reduces the lifetime of the ultracold gas [4, 8, 9] .
Another important technique for the interactioncontrol of ultracold atoms is the confinement-induced resonance (CIR), with which one can tune the interaction via changing the size of the single-atom trapping potential. In realistic ultracold gases, the heating effect of the laser beam for the single-atom confinement is much weaker than the one given by the laser beam for the twobody transition. Thus, the heating loss in a CIR is much weaker than the one in an optical Feshbach resonance. The CIR effect was discovered by M. Olshanii for quasione-dimensional (quasi-1D) ultracold gases [14] . It has been theoretically discovered and studied [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] for ultracold gases with various geometry of optical trapping, and generalized to inelastic processes induced by the coupling between center-of-mass and relative motion [31] [32] [33] [34] as well as other systems such as quantum dot [35] and atom-ion mixtures [36] [37] [38] . Moreover, CIR has also been realized in several experiments of ultracold gases [33, [39] [40] [41] .
Nevertheless, the CIR technique also has one drawback. In most cases, a broad CIR can occur only when the scattering length a s of the two atoms in the 3D free space, which describes the intensity of the "bare interatomic interaction", is of the same order of the characteristic length a trap of the optical trapping potential. However, in most of the current experiments of ultracold gases, a trap is at least of the order of 1000a 0 (with a 0 being the Bohr's radius) while |a s | is at most of the order of 100a 0 . Therefore, to realize a CIR one requires to enhance a s via a MFR, and thus the disadvantages of the MFR which we introduced above still cannot be overcome.
Therefore, if a CIR can appear under the condition a trap ≫ |a s |, it would be very useful. Using such a CIR one can control the inter-atomic interaction completely without the help of a MFR. As shown above, this would be very helpful for quantum simulations based on ultracold atoms. In previous research two broad CIRs under the condition a trap ≫ |a s | for negative a s have been discovered [16] [17] [18] [19] . Nevertheless, for most types of ultracold atoms, the natural value of a s is positive. Some authors also found some CIRs which can occur for a trap ≫ a s > 0 for some confinements. However, these CIRs are too narrow to be realized and controlled in experiments.
In 2006, P. Massignan and Y. Castin studied the CIR in a quasi (3+0)D system, where one atom (atom A) is in the 3D free space while the other one (atom B) is trapped by a 3D isotropic confinement [17] . They considered the cases with mass ratio m A /m B = 0.15, m A /m B = 1 and m A /m B = 6.67 (see Fig. 9 − Fig. 11 of Ref. [17] ), with m A and m B being the mass of atom A and B, respectively. It is shown that CIRs can occur when a trap ≫ a s (e.g., a trap /a s = 4). More importantly, when the mass ratio m A /m B is increased from 0.15 to 1 and to 6.67, it seems that the CIRs becomes more and more broad. This result implies the perspective that in this system with very high mass ratio (e.g., m A /m B ≈ 30, like the mixture of 6 Li and 171 Yb atoms), the CIRs with a trap ≫ a s can be broad enough, and then becomes applicable in current experiments.
In this work, we check this perspective via explicit calculations. We calculate the effective scattering length a eff between these two atoms, which describes the intensity of the effective iner-atomic interaction and diverges at the CIR points, for mass ratio m A /m B ≤ 50. For our system a eff is a function of a trap /a s . Using our results we figure out the number and width of the CIRs as functions of the mass ratio. Our results show that the number of the CIRs increase with m A /m B . On the other hand, however, the width of the CIRs increases with m A /m B only when m A /m B 10. For m A /m B 10, the CIR width in the "a trap /a s -axis" (with precise definition given in Sec. III) stops increasing with m A /m B . Thus, there is an upper limit of the CIR width. Furthermore, for a trap /a s > 3 this upper limit is below 10 −2 . Namely, to realize and control the CIR in the experiment, the uncertainty of a trap should be smaller than 10 −2 a s . That is too difficult to be realized if a s is not enhanced by a MFR. Thus, unfortunately, our results show that in this quasi (3+0)D system, the CIRs are still too narrow for the cases with a trap ≫ a s , and thus hard to be used for the control of interaction without an MFR. Nevertheless, our results are helpful for the understanding of two-body physics in the quasi (3+0)D ultracold gases, which are important for the simulation of many important systems, e.g., the quantum open system and quantum gases with impurities. In addition, this work may also helpful for the searching of broad CIRs with weak background interaction (i.e., small a s ) in other systems.
The remainder of this paper is organized as follows. In Sec. II, we show our approach for the calculation of effective scattering length a eff . In Sec. III we illustrate our results and analysis the dependence of the number and width of the CIRs on the mass ratio. A summary and some discussions are given in Sec. IV. Some details of our calculations are shown in the appendix.
II. CALCULATION OF EFFECTIVE SCATTERING LENGTH
In this section, we show our approach for the calculation of the inter-atomic effective scattering length a eff , which is the method in Ref. [17] . As shown in Fig. 1 , we consider the scattering between two ultracold atoms A and B, and assume that atom A moves in the 3D space and atom B is trapped in a 3D isotropic harmonic potential. Thus, the Hamiltonian for our system is given by
where H 0 is the two-body free Hamiltonian and can be written as ( = 1)
with
Here r A(B) and m A(B) are the coordinate and mass of atom A(B), respectively, and ω is the frequency of the harmonic trapping potential for atom B, which is related to the characteristic length a trap via
We further define φ n (r B ) as the eigen-state of the free Hamiltonian H B of the atom B, with n = (n x , n y , n z ) being the corresponding quantum number in the x-, yand z-directions. Explicitly, φ n (r B ) satisfies
where
being the corresponding eigen-energy of H B . In Eq. (1), V is the interaction potential between the ultracold atoms A and B, which is modeled by the Huang-Yang pseudo potential
where µ AB is the reduced mass and r = r A −r B is the relative position of these two atoms, and a s is the scattering length of these two atoms in the 3D space.
The effective scattering length a eff is defined as
where f k=0 is the scattering amplitude of these two atoms, corresponding to zero incident momentum of atom A. In the following, we solve this scattering problem and calculate f k=0 and a eff . The incident state of our problem can be expressed as
where φ n=0 (r B ) is the ground state of H B . Notice that in Eq. (9) the term 1/(2π) 3 2 is nothing but the eigenstate of the momentum of atom A with zero eigen-value, i.e., e ik·rA /(2π)
is an eigen-state of the two-body free Hamiltonian H 0 , with corresponding eigen-energy
The scattering state ψ (+) (r A , r B ) of our system satisfies the eigen-equation
as well as the out-going boundary condition for atom A in the limit r A → +∞. This equation and boundary condition can be re-formulated as the Lippman-Schwinger type equation
where the function η (R) is related to the wave function
with M = m A +m B . Here G 0 is the free Green's function which can be expressed as
in terms of the Dirac bracket, where |r A , r B is the eigenstate of the position operator of the two atoms. Then, it can be re-expressed as
with κ n ′ = (2m A ) n ′ x + n ′ y + n ′ z ω. Therefore, in the long-range limit r A → ∞ the scattering wave function has the asymptotic expression
with the zero-momentum scattering amplitude f k=0 being given by
Similar as above, in the Eq. (15) of the scattering state ψ (+) (r A , r B ), the term "1" and 1/r A is just the incident plane wave and out-going spherical wave with zero momentum, respectively, i.e., 1 = e ik·rA | k=0 and 1/r A = e ikrA /r A | k=0 . According to Eq. (8) and Eq. (16), we know that the effective scattering length a eff can be expressed as
On the other hand, as shown in the Appendix A, the function η (R) defined in Eq. (12) satisfies an integral equation
whereÔ is an integral operator whose expression is given in Appendix A. We numerically solve the integral equation Eq. (18) and derive the function η (R). Then we substitute the result into Eq. (17) and obtain the effective scattering length a eff .
III. PROPERTIES OF THE CIRS
In the above section we show the approach for the numerical calculation of the effective scattering length a eff between the flying atom A and the trapped atom B. In this section we show our numerical results and investigate the properties of the CIRs in this system. As shown in Sec. I, we focus on the cases where the bare scattering length a s is positive, and the mass of atom A is much larger than the mass of atom B.
In Fig. 2(a) we show the effective scattering length a eff as a function of a trap /a s for the cases with mass ratio m A /m B = 10 and m A /m B = 30. As defined in Eq. (4), a trap is the characteristic length of the confinement of atom B. It is clearly shown that a eff diverges when a trap /a s takes several certain values. Namely, multi-CIRs can appear.
To further investigate the properties of these CIRs, here we define the position and width of each CIR. As shown in Fig. 2(b) , the position P of a CIR is naturally defined as the divergent place of a eff , i.e., we have a eff = ∞ for a trap /a s = P . Furthermore, we define the width W of a CIR as the distance between the CIR position P and the nearest zero-crossing point of a eff . As mentioned in Sec. I, a eff describes the intensity of the effective interaction between the two atoms. Thus, at a CIR point P the effective interaction is enhanced. In addition, the CIR width W describes the broadness of the CIR, or the size of the parameter region where a eff can be effectively controlled via the CIR. Explicitly, in the region a trap /a s ∈ [P − W, P + W ] one can efficiently tune a eff by changing a trap .
Here we would like to emphasis that, for a system with fixed bare scattering length a s , to precisely control the effective inter-atomic interaction (i.e., control a eff ) by changing a trap via a CIR, the uncertainty of a trap in the experiment should be much smaller than W a s of this CIR. For the cases where a s is not enhanced by a MFR and is only of the order of 100a 0 , which we are interested in, if W 10 −2 , the uncertainty of a trap should be less than 1a 0 . That is difficult to be realized in the experiments. Therefore, a CIR which is helpful for the control of inter-atomic interaction should be broad enough.
We further define N [a,b] as the number of the relatively broad CIRs with W > 10 −5 in the region a trap /a s ∈ [a, b].
Here we emphasis that, our calculations show that in this system many CIRs with W < 10 −5 can appear. However, in this work we do not take into account these extremelynarrow CIRs, because (i) as shown above, these CIRs are too narrow and not feasible for the experiments, and (ii) these CIRs are also too narrow to be clearly resolved via our numerical calculations.
In Fig. 3(a) we show the CIR number N [0,1] , N [1, 2] , N [2, 3] and N [3, 4] for the regions a trap /a s ∈ [0, 1], [1, 2] , [2, 3] and [3, 4] , as functions of the mass ratio m A /m B . It is shown that the amount of the CIRs increases with a trap /a s and the mass ratio m A /m B . Namely, we can find more CIRs when the flying atom A is more heavier than the trapped atom B, and the bare scattering length a s is more smaller than the size a trap of the trap.
Furthermore, as shown in Sec. I, the main question of this work is: can we increase the width of the CIRs by increasing the mass ratio m A /m B , especially for the cases with small a s ? To answer this question, we need to study the variation of the width of the CIRs with the mass ratio m A /m B and the ratio a trap /a s . Nevertheless, since there are many CIRs in our system, it is difficult and not necessary to investigate the width of each one. For simplicity, here we introduce a parameter W [a,b] which is defined as the maximum value of the widths of the CIRs in the region a trap /a s ∈ [a, b]. It is clear that properties of the CIR width in our system can be described by the behavior of W [a,b] .
In Fig. 3(b, c) we show the maximum width W [0,1] , W [1, 2] , W [2, 3] and W [3, 4] for various mass ratio m A /m B . As shown in Fig. 3(b) that for a fixed mass ratio, the width of the CIRs decreases with the ratio a trap /a s . Thus, the CIRs becomes narrower for smaller a s . On the other hand, as shown in Fig. 3(c) , for each given region of a trap /a s , when the mass ratio m A /m B 10, the increasing of CIR width increases with m A /m B . Namely, the CIRs becomes broader when the flying atom A is heavier. That is consistent with the results shown in Fig. 9-11 of Ref. [17] for m A /m B = 0.15, 1 and 6.67. However, when m A /m B 10, the increasing of the CIR width stops. Therefore, for a system with fixed a trap and a s , we can- not always increase the widths of the CIRs by increasing m A /m B . Namely, the CIR width has an upper limit. Unfortunately, Fig. 3 (c) also clearly shows that this upper limit of the CIR width decreases with a trap /a s . For a trap /a s ∈ [2, 3], this upper limit is already below 10 −2 . As shown above, this means that the CIRs are too narrow and not feasible for the experiments. Therefore, for the case with a s ∼ 100a 0 and a trap ∼ 1000a 0 , which we are interested in, it is hard to use the CIRs in this quasi-(3+0)D system to control the inter-atomic interaction in the experiments.
IV. SUMMARY
In this work, we investigate the properties of the CIRs of the scattering between the atom A which is moving in the 3D space and the atom B which is localized by an harmonic trapping potential. We consider the cases with positive bare scattering length a s and various mass ratio m A /m B . We show that the amount of the CIRs increases with m A /m B . On the other hand, the width of the CIRs increases with m A /m B for m A /m B 10, and this increasing stops for m A /m B for m A /m B 10. Furthermore, the upper limit of the CIR width decreases with the ratio a trap /a s . Explicitly, for a trap /a s 3 the widths of the CIRs are smaller than 10 −2 . Therefore, for these cases the CIRs are too narrow to be used for the control of inter-atomic interaction in experiments. Thus, if the bare scattering length a s is not enhanced by a MFR and only of the order of 100a 0 , and a trap is of the order of 1000a 0 as in the current experiments, it is difficult to use CIR of this quasi (3+0)D system to control the inter-atomic interaction. Our results are helpful for understanding the two-body problem in this mixed-dimensional system, and for finding the CIRs which can occur for small 3D scattering length and are broad enough for experimental control in other confined ultracold gases.
Appendix A: Integral equation
In this part, we derive the integral equation of the function η (R) defined in Sec. II. Here we also emphasis that our result is the same as Ref. [17] , while our method is slightly different with the method of Ref. [17] . Explicitly, in Ref. [17] the integral equation for η (R) is derived via the approach of real-time propagator, while here we use the approach of imaginary-time propagator.
As shown in Eq. (12), η (R) is determined by the behavior of ψ (+) (r A , r B ) in the short-range limit r A → r B = R. Firstly, we notice that Eq. (11) of ψ (+) (r A , r B ) can be re-written as
with E 0 = 3ω/2 as defined in Sec. II. For convenience, we define a function K β (r A , r B ; R ′ , R ′ ) as
With the help of Eq. (A2), the second term in the right hand side of Eq. (A1) can be expressed as
We further definẽ
(A6)
Thus, in the limit r A → r B , we have
where F 1 (R) is defined as Furthermore, in the limit r A → r B = R the third term of Eq. (A1) does not diverge, and can be expressed as
One should notice that F 2 (R, R ′ ) diverge when R → R ′ , while F 2 (R, R ′ ) (η (R ′ ) − η (R)) do not. In summary, Eq. (A7) and Eq. (A9) gives the behaviors of the second and third term of Eq. (A1) in the short-range limit r A → r B = R. Substituting these results into Eq. (A1) and Eq. (12), we obtain the integral equation for η (R):
where η 0 (R) = ψ (0) (R, R) = 1 (2π) 3 2 φ 0 (R) is the regularized incident wave function, and the operatorÔ is defined aŝ
This is Eq. (18) of Sec. II.
In the end of this appendix, we emphasis that since the angular momentum of this system conserved, the equation do not have angular dependence, i.e η (R) = η (R). Then the equation (A11) of η (R) can be further reduce to
where we use φ 0 (R) = φ 0 (R), F 1 (R) = F 1 (R) and F 2 (R, R ′ ) is 
